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Abstract
We briefly review the calculations of quantum corrections related with the exact NSVZ
β-function in N = 1 supersymmetric theories, paying especial attention to the scheme depen-
dence of the results. It is explained, how the NSVZ relation is obtained for the renormaliza-
tion group functions defined in terms of the bare coupling constant if a theory is regularized
by higher derivatives. Also we describe, how to construct a special renormalization prescrip-
tion which gives the NSVZ relation for the renormalization group functions defined in terms
of the renormalized coupling constant exactly in all orders for Abelian supersymmetric theo-
ries, regularized by higher derivatives. The scheme dependence of the NSVZ β-function (for
the renormalization group functions defined in terms of the renormalized coupling constant)
is discussed in the non-Abelian case. It is shown that in this case the NSVZ β-function leads
to a certain scheme-independent equality.
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1 Introduction
N = 1 supersymmetric gauge theories are interesting from both theoretical and phenomeno-
logical point of view. The exact NSVZ β-function relates the β-function of these theories with the
anomalous dimension of the matter superfields. For theories containing chiral matter superfields
the NSVZ relation has the following form
β(α) = −
α2
(
3C2 − T (R) + C(R)i
jγj
i(α)/r
)
2pi(1 − C2α/2pi)
, (1)
where the variable α denotes the argument in this relation. Depending on the definition of
the renormalization group functions, this argument can be either the renormalized coupling
constant, or the bare coupling constant. In Eq. (1) the following notation is used:
tr (TATB) ≡ T (R) δAB ; (TA)i
k(TA)k
j
≡ C(R)i
j;
fACDfBCD ≡ C2δ
AB ; r ≡ δAA, (2)
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where C2 and C(R)i
j are the quadratic Casimir operators, 2T (R) is the Dynkin index of the
representation R, and r is a dimension of the gauge group. For the pureN = 1 Yang–Mills theory
the expression (1) gives the exact β-function, which appears to be a geometric progression.
The NSVZ β-function was constructed in Refs. [1, 2] using arguments based on the structure
of instanton constributions, namely, by requiring their renormalization group invariance (for a
review, see Ref. [3]). Also it was derived in Refs. [4, 5] using the arguments based on anomalies.
It is known that in supersymmetric theories the axial anomaly and the anomaly of the energy-
momentum trace belong to the same supermultiplet. The axial anomaly is contributed only by
the one-loop approximation, while the anomaly of the energy-momentum trace is proportional
to a β-function. Accurately analyzing these facts, it is possible to obtain the NSVZ β-function.
This analysis is rather nontrivial. For example, according to Ref. [6] the multiplication of the
matter superfields by the renormalization constant Z changes the divergences in supersymmetric
theories. This rescaling anomaly can be used for explaining the origin of the higher order
corrections in the NSVZ β-function. In the Abelian case the NSVZ expression was first derived
in Refs. [7, 8]. In Ref. [9] the NSVZ β-function was found using the non-renormalization
theorem for the topological term and the Slavnov–Taylor identities [10, 11].
The NSVZ β-function relates different divergent contributions to the effective action in an
interesting and nontrivial way. In particular, it can be used for proving the finiteness of N = 2
supersymmetric theories beyond the one-loop approximation [1, 3, 12]. The NSVZ β-function
can be also used for investigating the possibility of constructing finite N = 1 supersymmetric
gauge theories [3]. The exact relations similar to the NSVZ β-function can be written in theories
with the soft supersymmetry breaking for the renormalization of the gaugino mass [13, 14, 15].
However, in this paper we will not discuss them.
Although the NSVZ β-function was constructed a long time ago, it was not clear, how it
can be derived using the explicit calculations of Feynman diagrams and what renormalization
prescription should be used in order to obtain it. Thus, up to now investigation of the NSVZ
relation remains an actual problem. In this paper we briefly review various calculations which
are related with this problem and describe the scheme in which the NSVZ β-function is obtained
with the higher derivative regularization, proposed by A.A.Slavnov [17, 18], in the Abelian case.
Moreover, we find how the NSVZ β-function is changed under the finite renormalizations in the
non-Abelian case and derive a scheme independent consequence of the NSVZ relation.
2 The NSVZ relation for the renormalization group functions
defined in terms of the bare coupling constant
One of the first derivations of the NSVZ β-function was made in Ref. [1] by requiring the
renormalization group invariance of the instanton contributions. It should be noted that in
Ref. [1] the NSVZ relation was written for the β-function defined in terms of the bare coupling
constant. The same definition was also used in Refs. [2, 7, 8, 6, 16].
In terms of the bare coupling constant the β-function and the anomalous dimension are
defined as
β
(
α0(α,Λ/µ)
)
≡
dα0(α,Λ/µ)
d ln Λ
∣∣∣
α=const
; (3)
γi
j
(
α0(α,Λ/µ)
)
≡ −
d lnZi
j(α,Λ/µ)
d ln Λ
∣∣∣
α=const
, (4)
2
where Λ is a dimensionful regularization parameter and µ is a renormalization scale. For cal-
culating these renormalization group functions the left hand side is considered as a function
of the bare coupling constant and the limit Λ → ∞ is not taken. In addition to the regular-
ization, it is necessary to choose a prescription for constructing the function α(α0,Λ/µ) and
the renormalization constant Zi
j . By other words, it is necessary to choose a renormalization
scheme.
The renormalization group functions (3) and (4) considered as functions of the bare cou-
pling constant are scheme independent, because it is possible to express them in terms of the
unrenormalized Green functions. Nevertheless, these functions depend on the regularization.
However, in the early papers this dependence was not investigated. A different definition of the
renormalization group functions (in terms of the renormalized coupling constant) was used in
Refs. [5, 9].
The NSVZ relation for the renormalization group functions (3) and (4) appeared again in
papers devoted to calculations of quantum corrections with the higher covariant derivative reg-
ularization [17, 18]. This regularization also includes insertion of Pauli–Villars determinants for
removing the one-loop divergences [19]. It is consistent and (in supersymmetric theories) can
be formulated in a manifestly supersymmetric way [20, 21]. However, it produces complicated
loop integrals. Due to this reason explicit calculation of the one-loop β-function for the (non-
supersymmetric) Yang–Mills theory with the higher covariant derivative regularization [22] was
made much later than the calculation with the dimensional regularization [23, 24]. After correc-
tions made in [25, 26] the results for the β-function in both regularizations coincide, as it should
be [27].1 In supersymmetric theories regularized by higher covariant derivatives the integrals
defining the β-function (3) appear to be integrals of total derivatives [28, 29] and even integrals
of double total derivatives [30, 31]. This allows to calculate one of loop integrals analytically and
to obtain the NSVZ relation between the β-function and the anomalous dimensions of the mat-
ter superfields. For the Abelian supersymmetric gauge theories this feature was proved exactly
in all loops in Ref. [32] by explicit summation of supergraphs and in Ref. [33] using a method
based on the Schwinger–Dyson equations. Calculations with the higher covariant derivative
regularization for the non-Abelian supersymmetric gauge theories were made only in the one-
and two-loop approximations [29]. They reveal exactly the same features as in the Abelian
case, namely, the factorization of integrals for the β-function (3) into integrals of (double) total
derivatives. This factorization is a reason for appearing the NSVZ relation in supersymmetric
theories for the renormalization group functions defined in terms of the bare coupling constant.
This feature takes place in case of using the higher covariant derivative regularization, and it is
not so far clear, if it is valid for other regularizations. Thus, the choice of the higher covariant
derivative regularization is very important.
3 Scheme dependence of the NSVZ β-function
In quantum field theory the renormalization group functions are usually defined in a different
way [34], in terms of the renormalized coupling constant:
β˜
(
α(α0,Λ/µ)
)
≡
dα(α0,Λ/µ)
d lnµ
∣∣∣
α0=const
; (5)
γ˜i
j
(
α(α0,Λ/µ)
)
≡
d lnZi
j(α(α0,Λ/µ),Λ/µ)
d ln µ
∣∣∣
α0=const
. (6)
1The result of Ref. [22] was different, the correct result for the one-loop β-function was found later.
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It is well known that the renormalization group functions (5) and (6) are scheme dependent
unlike the functions (3) and (4).
There are a lot of papers in which the renormalization group functions (5) and (6) are calcu-
lated for supersymmetric theories in the low orders of the perturbation theory. The exact NSVZ
β-function can be compared with the results of these calculations. Usually, most of perturba-
tive calculations in non-supersymmetric theories are made using the dimensional regularization
[35, 36, 37, 38]. This regularization was also used for calculating the β-function in supersym-
metric theories in one- [39] and two-loop [40] approximations. (In these approximations the
β-function is scheme-independent, so that the result is the same as in the case of using other
regularizations, in particular, the dimensional reduction [41].) Since the dimensional regulariza-
tion breaks the supersymmetry, it is not convenient to use it in supersymmetric theories.2 That
is why supersymmetric theories are mostly regularized by the dimensional reduction, which is
not, however, mathematically consistent [46]. Removing of the inconsistencies cannot be made
without loss of supersymmetry [47, 48]. Nevertheless, the calculations with the dimensional re-
duction in the DR-scheme (which is a modification of the MS-scheme [49]) were made in various
supersymmetric theories. In the N = 4 supersymmetric Yang–Mills theory the three- [50] and
four-loop [51] calculations demonstrate vanishing of the β-function. Moreover, the dimensional
reduction does not break supersymmetry even in the four-loop approximation [51], although it is
possible in higher loops. The β-function of the pure N = 2 supersymmetric Yang–Mills theory
vanishes at the three-loops [50], but supersymmetry is broken in this approximation [52, 53].
(The calculation in Ref. [52] was corrected in [53].) At present, it is still not clear whether this is
related with the inconsistency of the dimensional reduction, or with using a non-supersymmetric
gauge condition, or with some other reason. For N = 1 supersymmetric theories a β-function
was calculated in the three- [50, 54] and four-loop [55, 56] approximations, see Ref. [57] for a
recent review. The results do not agree with the NSVZ β-function starting from the three-loop
approximation, where the scheme dependence becomes essential. Some consequences of this dif-
ference are discussed in Ref. [58]. However, the NSVZ β-function can be obtained after a special
tuning of the subtraction scheme which should be made in every order of the perturbation theory
[54, 59, 60]. The corresponding finite renormalization of the coupling constant can be found by
investigating theories with the softly broken supersymmetry [60]. Therefore, there is a question,
how to formulate a prescription which gives the NSVZ scheme in supersymmetric theories in all
orders of the perturbation theory. The answer can be found using a different regularization for
which the NSVZ scheme can be formulated explicitly. Note that other regularizations were used
mainly for calculations in the one- and two-loop approximations. We can mention Ref. [61] in
which the two-loop β-function of the N = 1 supersymmetric Yang–Mills theory was calculated
using a version of the differential renormalization [62], proposed in [63], which does not break
supersymmetry [64]. In Ref. [65] the two-loop β-function for the N = 1 supersymmetric elec-
trodynamics was found by using the operator product expansion and a cutoff in the coordinate
space. Since a two-loop β-function is scheme independent in theories with a single coupling con-
stant, these results cannot be used for investigating the scheme dependence. For completeness,
we also mention a regularization based on using N = 4 or finite N = 2 supersymmetric Yang–
Mills theories and introducing a cutoff breaking supersymmetry to N = 1. This regularization
was used in Ref. [6]. However, it cannot be applied for general N = 1 supersymmetric theories.
Quantum corrections also appear in instanton calculations [66]. Finding them one again
encounters a scheme dependence of the results. In supersymmetric theories instanton contri-
butions were obtained taking into account quantum corrections up to the two-loop order [67]
using the regularization by the dimensional reduction. The result confirmed the argumentation
2In general, using of non-invariant regularizations is possible, if they are supplemented by special renormaliza-
tion prescriptions which restore the Slavnov–Taylor identities [42, 43, 44, 45].
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Subtraction scheme 1-loop 2-loop 3-loop
Overall factor α2Nf/pi α
3Nf/pi
2 α4Nf/pi
3 α4(Nf )
2/pi3
DR 1 1 −1/2 −3/4
HD + NSVZ 1 1 −1/2 −1−
∑n
I=1 cI ln aI
MOM 1 1 −1/2 −3(1− ζ(3))/2
Table 1: β-function for the N = 1 supersymmetric electrodynamics with Nf flavors in different
subtraction schemes. (For the MOM scheme the results obtained with the dimensional reduction
and with the higher derivative regularization coincide.)
Subtraction scheme 1-loop 2-loop
Overall factor α/pi α2/pi2 α2Nf/pi
2
DR −1 1/2 1/2
HD + NSVZ −1 1/2 1 +
∑n
I=1 cI ln aI
MOM −1 1/2 1/2
Table 2: The anomalous dimension of the matter superfields for the N = 1 supersymmetric
electrodynamics with Nf flavors in different subtraction schemes. (For the MOM scheme the
results obtained with the dimensional reduction and with the higher derivative regularization
coincide.)
proposed in Ref. [1] for derivation of the NSVZ β-function, namely, vanishing of quantum cor-
rections to the vacuum energy in the instanton background. This implies that the calculation
of quantum corrections near the instanton background agrees with the NSVZ expression at the
two-loop level. Although in this approximation the β-function defined in terms of the renor-
malized coupling constant is scheme-independent, the investigation of the instanton correction
structure reveals a possibility of the scheme-dependence in higher orders [68, 69]. Therefore, a
similar problem of the scheme-dependence is also present for instanton calculations. Unfortu-
nately, explicit instanton calculations which take into account three-loop corrections are not yet
made.
4 NSVZ scheme
In all orders the NSVZ scheme has been naturally constructed using the higher covariant
derivative regularization at least in the Abelian case [70, 71]. As we have already mentioned
above, with the dimensional reduction there is no general prescription which allows to obtain
such a scheme in all orders. However, if the N = 1 supersymmetric electrodynamics with an
arbitrary (Nf ) number of flavors is regularized by higher derivatives, this can be done by a
special choice of the subtraction scheme. Namely, the NSVZ scheme is constructed by imposing
the boundary conditions
Z3(α, x0) = 1; Z(α, x0) = 1 (7)
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on the renormalization constants for the coupling constant and the matter superfield, respec-
tively, where x0 is a certain (arbitrary) value of x = lnΛ/µ. In this case the renormalization
group functions (5) and (6) defined in terms of the renormalized coupling constant coincide with
the renormalization group functions (3) and (4) defined in terms of the bare coupling constant
[70]. The explicit three-loop calculations in this case were made for N = 1 supersymmetric
electrodynamics with Nf flavors [71]. It is expedient to compare the result with the correspond-
ing calculations made with other regularizations and subtraction schemes. The results for the
β-function and the anomalous dimension of the matter superfields are presented in Tables 1 and
2, respectively. For the NSVZ scheme obtained with the higher derivative regularization cI de-
note degrees of the Pauli–Villars determinants, which are introduced in order to cancel one-loop
divergences according to Ref. [72], and aI = MI/Λ are ratios of the Pauli–Villars masses to
the parameter in higher derivative term. (It is essential that aI should not depend on the bare
coupling constant.) These tables were constructed using the results of [54, 71]. From them we
see that the NSVZ relation for the considered theory,
β(α) =
α2Nf
pi
(
1− γ(α)
)
, (8)
is valid in all schemes in one- and two-loop approximations. Moreover, in the three-loop approx-
imation the terms proportional to α4Nf in the β-function and proportional to α
2(Nf )
0 in the
anomalous dimension are the same in all schemes and satisfy the NSVZ relation. This is a con-
sequence of the scheme-independence of such terms, which was proved in [71] in all orders and
is discussed below. The terms proportional to α4(Nf )
2 in the β-function and the corresponding
terms in the anomalous dimension satisfy the NSVZ relation only in the NSVZ scheme.
5 Scheme dependence of the NSVZ β-function in the Abelian
and non-Abelian cases
Terms of the first degree in Nf in the β-function and terms without Nf in the anomalous
dimension are scheme-independent not only in N = 1 supersymmetric electrodynamics with
Nf flavors. The same statement is also valid in the scalar and spinor electrodynamics with Nf
flavors. Really, under the finite renormalizations
α→ α′(α); Z ′(α′,Λ/µ) = z(α)Z(α,Λ/µ), (9)
the renormalization group functions defined in terms of the renormalized coupling constant are
changed as follows:
β˜′(α′) =
dα′
d lnµ
∣∣∣
α0=const
=
dα′
dα
β˜(α); (10)
γ˜′(α′) =
d lnZ ′i
j
d lnµ
∣∣∣
α0=const
=
d ln z
dα
· β˜(α) + γ˜(α), (11)
and in the case of the N = 1 supersymmetric electrodynamics with Nf flavors β˜(α) and α
′(α)−
α are proportional at least to Nf . The scheme-independence of the considered terms is in
agreement with the four- [73] and five-loop [74] calculations in the MS and MOM schemes for
the quantum electrodynamics with Nf flavors.
3 Also the scheme independence of the considered
3For Nf = 1 the five-loop results of Ref. [74] coincide with the results of Ref. [75], which confirms their
correctness.
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terms can be seen comparing the three-loop results for the scalar electrodynamics in the MS-
scheme [76, 77] and the on-shell scheme [76].
For a general non-Abelian supersymmetric Yang–Mills theory finite renormalizations can
also include Yukawa couplings λijk (which are totally symmetric in indexes ijk):
α→ α′(α, λ); λ→ λ′(α, λ); Z ′i
j(α′, λ′,Λ/µ) = zi
k(α, λ)Zk
j(α, λ,Λ/µ), (12)
where we assume that z and Z commute. Then the generalization of Eqs. (10) and (11) has the
form
β˜′(α′, λ′) =
∂α′
∂α
β˜(α, λ) +
3
2
(
λljk γ˜l
i(α, λ)
∂α′
∂λijk
+ λ∗ljk γ˜i
l(α, λ)
∂α′
∂λ∗ijk
)
; (13)
γ˜′i
j(α′, λ′) = γ˜i
j(α, λ) +
∂ ln zi
j
∂α
· β˜(α, λ)
+
3
2
(
λlmn γ˜l
k(α, λ)
∂ ln zi
j
∂λkmn
+ λ∗lmn γ˜k
l(α, λ)
∂ ln zi
j
∂λ∗kmn
)
. (14)
Note that deriving this equation we took into account that according to the non-renormalization
theorem [78] there are no divergent quantum corrections to the superpotential. As a consequence,
renormalization constants for the Yakawa couplings can be expressed via the renormalization
constants Zi
j for the chiral superfields:
λijk = λmnp0 (Z
1/2)m
i(Z1/2)n
j(Z1/2)p
k, (15)
where λ0 and λ denote the bare and renormalized Yukawa couplings, respectively. λ
′ is given
by a similar expression which involves the renormalization constant Z ′.
Let us assume that in the non-Abelian case the β-function β˜(α, λ) and the anomalous dimen-
sion γ˜i
j(α, λ) defined in terms of the renormalized coupling constant satisfy the NSVZ relation.
Then we obtain that after the finite renormalization (12)
β˜′(α′, λ′) = −
α2
2pi(1− C2α/2pi)∂α/∂α′ − α2C(R)lk∂ ln zkl/∂ lnα′
{
3C2 − T (R)
+
1
r
C(R)m
n
[
γ˜′n
m(α′, λ′)−
3
2
(
(λ′)ljk γ˜′l
i(α′, λ′)
∂ ln zn
m
∂(λ′)ijk
+ (λ′)∗ljk γ˜
′
i
l(α′, λ′)
∂ ln zn
m
∂(λ′)∗ijk
)]
+
3
2
·
2pi
α2
(
1− C2
α
2pi
)(
(λ′)ljk γ˜′l
i(α′, λ′)
∂α
∂(λ′)ijk
+ (λ′)∗ljk γ˜
′
i
l(α′, λ′)
∂α
∂(λ′)∗ijk
)}
α=α(α′,λ′)
. (16)
This equality can be used for analyzing the scheme (in)dependence of the results. In particular,
we observe that in L loops the terms proportional to tr
(
C(R)L
)
are the same in both sides of
Eq. (1) for an arbitrary renormalization prescription. Really, it is evident from Eq. (16) that
modifications of the NSVZ relation for all terms which do not contain Yukawa couplings can
come only from the denominator. However, all such corrections are proportional either to C2,
T (R), λ, or to products of at least two traces. Therefore, the term tr
(
C(R)L
)
, which contains
a single trace cannot be modified. We have verified that in the three-loop approximation Eq.
(16) is in agreement with the results of Ref. [54]. In particular, according to Ref. [54] in the
three-loop approximation the terms proportional to tr
(
C(R)3
)
are the same in the DR and
NSVZ schemes.
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The results for the N = 1 supersymmetric electrodynamics with Nf flavors are obtained if
we set
C2 = 0; C(R)i
j = δi
j; T (R) = 2Nf r = 1, (17)
where the indexes i and j, numerating chiral superfields, take values from 1 to 2Nf . As a
consequence,
tr
(
C(R)L
)
= 2Nf . (18)
Therefore, the scheme-independence of the terms proportional to tr
(
C(R)L
)
in the Abelian case
leads to the scheme-independence of terms proportional to the first degree Nf , which was proved
in Ref. [71].
6 Conclusion
Application of the higher covariant derivative regularization to calculations of quantum cor-
rections in supersymmetric theories allows to solve the long standing problem of obtaining the
NSVZ β-function by the direct summation of the supergraphs, at least, in the Abelian case.
The NSVZ relation appears for the renormalization group functions defined in terms of the bare
coupling constant. If the renormalization group functions are defined in terms of the renormal-
ized coupling constant, application of the higher derivative regularization allows to naturally
construct the NSVZ scheme in the Abelian case. Although quantum corrections in non-Abelian
theories have a similar structure, so far such a scheme is not constructed in this case. However,
we hope that this can be made similarly to the Abelian theory. In this paper we only investigated
the scheme dependence of the NVSZ relation for the renormalization group functions defined in
terms of the renormalized coupling constant in the non-Abelian case. It is shown that the terms
proportional to tr
(
C(R)L
)
, where L is a number of loops, appeared to be scheme-independent.
As a consequence, such terms in the left and right sides of Eq. (1) coincide for an arbitrary
renormalization prescription.
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